
Exam Linear Programming (resit), Wednesday 29th June, 09:00 - 12:00
Bachelor program Knowledge Engineering, year 2
Tapijnkazerne, building Z

• This exam consist of 6 questions, totalling 100 points. Attempt all questions, although feel
free to solve them in any order you like. Note that not all questions have the same number
of points! Please motivate all of your answers with arguments or computations.

• “I had no feelings about it. I’m merely attempting to optimize.”

1. [15 points] The company Peanuts International has decided to enter the health market. One of their new
products is a healthy peanut-flavoured milkshake which is designed to be a complete meal. The milkshake
consists of several ingredients. Some information about each of these ingredients is given below.

Ingredient Calories from
fat (per tbsp)

Total Calories
(per tbsp)

Vitamin
Content
(mg/tbsp)

Thickeners
(mg/tbsp)

Cost
(cents/tbsp)

Peanut
flavouring

1 50 20 3 10

Cream 75 100 0 8 8

Vitamin
supplement

0 0 50 1 25

Artificial
sweetener

0 120 0 2 15

Thickening
agent

30 80 2 25 6

The nutritional requirements are as follows.

• The milkshake must total between 360 and 420 calories (inclusive).

• At least 5%, but no more than 20%, of the total calories should come from fat.

• There must be at least 50 milligrams (mg) of vitamin content.

• For taste reasons, there must be at least two tablespoons (tbsp) of peanut flavouring for each tbsp of
artificial sweetener.

• Finally, to maintain proper thickness, there must be exactly 15 mg of thickeners in the milkshake.

Management would like to select the quantity of each ingredient for the milkshake which would minimize
cost while meeting the above requirements. Formulate a linear program to solve this problem. Clearly
define your variables, objective function and constraints. Note that you do not need to solve the linear
program you write.

2. [15 points] Consider the following linear program:

Maximize 2x1 − 3x2 + 4x3
s.t. 4x1 − 3x2 + 1x3 ≤ 3

1x1 + 1x2 + 1x3 ≤ 10
2x1 + 1x2 − 1x3 ≤ 10

and x1, x2, x3 ≥ 0.

a. Solve the program using the Simplex method, starting from the usual initial solution (i.e. all decision
variables are nonbasic). Show each Simplex tableau clearly. When you are finished, state explicitly
the optimum value Z∗ of the objective function and the values of the decision variables and the slack
variables.

b. For the solution you found in part (a), explain which variables are basic and nonbasic, and give an
interpretation of this in terms of the functional and non-negativity constraints of the original program.

c. Give the shadow prices for the solution you found in part (a) and explain briefly their meaning.



3. [15 points]

a. Use the SOB method to write down the dual of the following linear program.

Minimize 10x1 + 30x2 + 20x3
s.t. 1x1 + 4x2 − 3x3 ≥ 4

1x1 + 7x2 + 3x3 = 2
2x1 − 5x2 + 6x3 = 3

and x1 unconstrained,
x2 ≥ 0,
x3 ≤ 0.

b. Show how to transform the program below so that it becomes a Maximization program where all the
decision variables are restricted to being non-negative. After doing this, explain whether the big-M
/ two-phase method will be required to actually solve the program. You do not, however, have to set
up or apply the big-M / two-phase method.

Minimize 2x1 + 3x2 + 4x3
s.t. 3x1 + 2x2 − 1x3 ≤ 5

−5x1 + 4x2 + 3x3 ≤ 10
and x1 ≥ −20,

x2 ≥ 0,
x3 unconstrained.

4. [15 points]

a. Consider the following (primal) linear program:

Maximize Z = 2x1 + 4x2 + 3x3
s.t. 1x1 + 3x2 + 2x3 ≤ 30

1x1 + 1x2 + 1x3 ≤ 24
3x1 + 5x3 + 3x3 ≤ 60
x1, x2, x3 ≥ 0.

Suppose we run the Simplex method for a while and stop at primal basic feasible solution X. We are
told that in X the following three variables are strictly larger than zero: x2, x5, x1 (where as usual
x5 refers to the slack variable of the second primal constraint). Construct the complementary dual
basic solution corresponding to X. Is X optimal? If so, explain why. If it is not, identify the entering
basic variable if we would continue pivoting from X.

b. This is not connected to the program shown in part (a). Suppose we are given a linear program P in
its standard form, where (as usual) A is a constraint matrix with m rows and n columns, and x is a
column vector of n decision variables:

Maximize cx
s.t. Ax ≤ b
and x ≥ 0.

Suppose we are told that every element in A, c and b is strictly positive (i.e. > 0). Is the dual D of
P feasible with finite optimum, feasible with unbounded optimum, or infeasible – or is it not possible
to tell given only this information? Use strong duality to motivate your answer.



5. [15 points] We have seen during the course that it is possible to describe the Simplex tableaux only in
terms of values b, B, c, cB, and A:

cBB
−1A− c cBB

−1 cBB
−1b

B−1A B−1 B−1b

Consider the following linear program:

Maximize −3x1 + 7x2 + 10x3
s.t. 1x1 + 7x2 − 2x3 ≤ 20

−2x1 − 9x2 + 3x3 ≤ 17
4x1 + 3x2 + 2x3 ≤ 9

and x1, x2, x3 ≥ 0.

Let x5, x6 and x7 denote the slack variables for the first, second and third constraints, respectively. Suppose
that after some number of iterations of the simplex method, you are shown the incomplete simplex tableau
below. You are given the following clues:

• at most one decision variable is basic,

• x2 6= 3,

• the objective function (i.e. the Z-value) at this point is strictly less than 100.

Bas|Eq| Coefficient of | Right

Var|No| Z| X1 X2 X3 X4 X5 X6 | side

___|__|__|_____________________________________|______

| | | |

Z | 0| 1| ? ? ? ? ? 5 | ?

X?| 1| 0| ? ? ? ? ? 1 | 29

X?| 2| 0| -8 ? ? ? ? -1.5 | ?

X?| 3| 0| ? ? ? ? 0 0.5 | ?

Fill in the missing numbers in the table. Explain your reasoning carefully.



6. [25 points] Once we have finished executing the Simplex method we have a Simplex tableau corresponding
to an optimal basic feasible solution. Suppose we then change the original linear program in some way.
Sensitivity analysis helps us understand the new role of the previously optimal basic feasible solution,
without applying the Simplex algorithm from the very beginning again. We often commence sensitivity
analysis by writing down the revised final Simplex tableau, where A, b, c are the modified versions of A,
b, c respectively:

y∗A−c y∗ y∗b

S∗A S∗ S∗b

Consider the following linear program. After introducing slacks x4, x5 and x6 and solving with the Simplex
method, we obtain the final Simplex tableau, also given below.

Maximize 2x1 − 2x2 + 3x3
s.t. −1x1 + 1x2 + 1x3 ≤ 4

2x1 − 1x2 + 1x3 ≤ 2
1x1 + 1x2 + 3x3 ≤ 12

and x1, x2, x3 ≥ 0.

Bas|Eq| Coefficient of | Right

Var|No| Z| X1 X2 X3 X4 X5 X6 | side

___|__|__|_____________________________________|______

| | | |

Z | 0| 1| 2.5 0 0 0.5 2.5 0 | 7

X2| 1| 0| -1.5 1 0 0.5 -0.5 0 | 1

X3| 2| 0| 0.5 0 1 0.5 0.5 0 | 3

X6| 3| 0| 1 0 0 -2 -1 1 | 2

For each of the following questions we will always assume that this is the starting point for the proposed
changes, and that this is the “previously optimal basic solution”.

a. Suppose we are only going to change the ≤ 4 part of the program. Calculate the allowable decrease
and increase of this value such that the previously optimal basic feasible solution remains feasible.
New: Suppose you are told that the allowable decrease for the ≤ 2 part of the program is 6. If we
change the ≤ 4 to ≤ 3, how far can the ≤ 2 decrease while ensuring that that the previously optimal
basic feasible solution remains feasible?

b. Suppose we are going to add a new variable x7. It will have coefficient b in the objective function, a in
the first constraint, a in the second constraint and a in the third constraint. For which combinations
of a and b does it hold that the previously optimal basic feasible solution remains optimal?

c. Suppose we are only going to change the coefficient of x2 in the objective function. Calculate the
allowable increase and decrease in this coefficient (from its current value of -2) such that the previously
optimal basic feasible solution remains optimal.

d. Suppose we are only going to change the coefficient of x1 in the objective function. Calculate the
allowable increase and decrease in this coefficient (from its current value of 2) such that the previously
optimal basic feasible solution remains optimal.

e. Suppose we add a constraint 2x1 + 2x2 + 1x3 ≤ 3. Is the previously optimal basic feasible solution
still feasible? Is it still optimal? Show explicitly how the constraint can be incorporated into the
tableau, if fieasibility is lost, and comment how re-optimization would proceed from this point.

f. Suppose we simultaneously change ≤ 4 to ≤ 8 and ≤ 12 to ≤ 10 but leave ≤ 2 unchanged. Write
down the new values of the basic variables for the previously optimal basic feasible solution. Is it still
feasible? Is it still optimal? If it has lost feasibility and/or optimality, explain briefly in words how
you could re-optimize from this point.


