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Are All Decidable Languages Equal?

● (ab)*
(regular: easy)

● WWR = {wwR : w Î {a, b}*}
(context-free: easy)

● WW = {ww : w Î {a, b}*}
(not context-free, but still “easy”)

● SAT = {w : w is a wff in Boolean logic and w is satisfiable}
(not context-free, and not easy)

What means “easy to decide”?

Answer: the inherent complexity 3



The Traveling Salesman Problem

Given n cities and the distances between each pair of
them, find the shortest tour that returns to its starting point
and visits each other city exactly once along the way.
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The Traveling Salesman Problem
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Given n cities:

Choose a first city n
Choose a second n-1
Choose a third n-2

… n! 5



The Traveling Salesman Problem
Can we do better than n! ?

● First city doesn’t matter.
● Cycle direction doesn’t matter.

So we get (n-1)! / 2.
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The Growth Rate of n!
2 2 12 479001600
3 6 13 6227020800
4 24 14 87178291200
5 120 15 1307674368000
6 720 16 20922789888000
7 5040 17 355687428096000
8 40320 18 6402373705728000
9 362880 19 121645100408832000
10 3628800 20 2432902008176640000
11 39916800 36 3.7×1041
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Putting it into Perspective

Speed of light 3×108 m/sec
Width of a proton 10-15 m
At one operation in the
time it takes light to
cross a proton

3×1023 ops/sec

Since Big Bang 3×1017 sec
Ops since Big Bang 9×1040 ops 36! = 3.7×1041

Neurons in brain 1011

Parallel ops since Big
Bang

9×1051 43! = 6.0×1052
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The Traveling Salesman Problem
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http://www.tsp.gatech.edu/history/pictorial/pictorial.html


The Complexity Zoo
The attempt to characterize the decidable languages by
their complexity:

https://complexityzoo.uwaterloo.ca/Complexity_Zoo

At present (as of March 30, 2017) 535 different classes!
(and still counting …)
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● (ab)*
● WWR = {wwR : w Î {a, b}*}
● WW = {ww : w Î {a, b}*}
● SAT = {w : w is a wff in Boolean logic and w is satisfiable}

We are going to develop a theory for complexities of
languages (both time and space). Therefore, we need
deciding TMs (so, always halting). Therefore, the theory only
applies to decidable languages.

So we will have nothing to say about, e.g.:

● H = {<M, w> : Turing machine M halts on input string w}

Characterizing Problems as Languages
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All Problems Are Decision Problems
The Towers of Hanoi

Algorithm is easy, but … requires at least enough time
to write the solution. We can prove that the shortest
solution requires 2n – 1 moves. Thus any algorithm that
solves this problem requires at least 2n – 1 steps (and at
least 2n – 1 memory cells).

By restricting our attention to decision problems, the
length of the answer is not a factor. 12

http://www.mazeworks.com/hanoi/index.htm


Encoding Types Other Than Strings
Everything can be encoded as a string.
The length of the encoding matters.

Integers: base 1 is not very good:

111111111111 vs      1100
111111111111111111111111111111 vs     11110

Any other base doesn’t differ that much:

logax = logab logbx

Typical decidable language with binary encoding:

● PRIMES = {w : w is the binary encoding of a prime number}13



Encoding Types Other Than Strings
Graphs: use an adjacency matrix:

Or a list of edges:

111/1/11/10/100/11/10/100/101

1 2 3 4 5 6 7
1 ·

2 ·

3 ·

4 ·

5
6
7
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Graph Languages

● CONNECTED = {<G> : G is an undirected graph and G is
connected}.

● HAMILTONIANCIRCUIT = {<G> : G is an undirected graph
that contains a Hamiltonian circuit}.
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● TSP-DECIDE = {<G, cost> : <G> encodes an undirected
graph with a positive distance attached to each of its
edges and G contains a Hamiltonian circuit whose total
cost is less than <cost>}.

It seems we have lost a lot, but when we know how
difficult TSP-DECIDE is, we have a lower bound on
TSP.

Characterizing Optimization Problems
as Languages
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tally (A: vector of n integers, n: integer) =
result = 1
For i = 1 to n do:

result = result * A[i]
end

Return result.

How many operations does this program execute?
Depends on what we count.

And how many memory does it need? Linear? But
depends on input size.

We need a more formal model of computation

Choosing A Model of Computation
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We’ll use Turing machines:

● Tape alphabet size?
Any fixed size

● How many tapes?
Just one. But differs at most quadratic compared
to multiple tapes.

● Deterministic vs. nondeterministic?
Both

Note that a TM differs at most a sixth power of the
number of steps for a “real” computer

Choosing A Model of Computation
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Define timereq(M) as a function of n, the size of the input:

● If M is a deterministic Turing machine that halts on all
inputs, then:

timereq(M)     = the maximum number of steps
that M executes on any input of
length n.

Measuring Time and Space Requirements
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● If M is a nondeterministic Turing machine all of whose
computational paths halt on all inputs, then:

s,□abab

q2,#abab q1,□abab

q1,□abab q3,□bbab

timereq(M)     = the number of steps on the
longest path that M executes on
any input of length n.

Measuring Time and Space Requirements
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Define spacereq(M) as a function of n:

● If M is a deterministic Turing machine that halts on all
inputs, then:

spacereq(M) = the maximum number of tape
squares that M reads on any input of length n.

● If M is a nondeterministic Turing machine all of
whose computational paths halt on all inputs, then:

spacereq(M) = the maximum number of tape
squares that M reads on any path that it can
execute on any input of length n.

Measuring Time and Space Requirements
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L = {anbncn : n ³ 0}

Example: □aabbcc□□□□□ : should be accepted

Example: □aaccb□□□□□ : should be rejected

M Accepts AnBnCn = {anbncn : n ³ 0}
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1. Move right onto w.  If the first character is □, halt and accept. If it
is a b or a c, halt and reject.

2. Loop:
2.1. Mark off an a with a 1.
2.2. Move right to the first b and mark it off with a 2.  If there isn’t

one or if there is a c first, halt and reject.
2.3. Move right to the first c and mark it off with a 3.  If there isn’t

one or there is an a first, halt and reject.
2.4. Move all the way back to the left, then right again past all

the 1’s (the marked off a’s).  If there is another a, go back to
the top of the loop.  If there isn’t, exit the loop.

3. All a’s have found matching b’s and c’s and the read/write head
is just to the right of the region of marked off a’s.  Continue
moving left to right to verify that all b’s and c’s have been
marked. If they have, halt and accept.  Otherwise halt and reject.

M Accepts AnBnCn = {anbncn : n ³ 0}
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If w Î AnBnCn, the loop will be executed n/3 times.
Note that n = |w| here, and not the n in anbncn. Further note that

we analyze worst-case behavior, so no premature exit.

Each time through the loop, the average number of steps
executed is 2(n/3 + n/3 + n/6). The loop is executed n/3 times.

Then M must make one final sweep all the way through w.
That takes an additional n steps.

So the total number of steps M executes is:

2(n/3)(n/3 + n/3 + n/6) + n = 5/9 n2 + n.

If w Ï AnBnCn, the number of steps executed by M is equal or
lower.  So:

timereq(M) = 5/9 n2 + n.

So the time required to run M on an input of length n grows
as n2.

Analyzing the AnBnCn Machine - Time
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M uses only those tape squares that contain its input
string, plus the blank on either side of it.  So we have:

spacereq(M) = n + 2.

Analyzing the AnBnCn Machine - Space
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Growth Rates of Functions
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Asymptotic Dominance
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f(n) Î O(g(n)) iff there exists a positive integer k and a
positive constant c such that:

"n ³ k (f(n) £ c g(n)).

Alternatively, if the limit exists, then:

We say that “f is big-Oh of g”, or that g grows at least as
fast as f does. So g describes an upper bound on the
growth of f.

Asymptotic Upper Bound - O
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● n3 Î O(n3).

● n3 Î O(n4).

● 3n3 Î O(n3).

● n3 Î O(3n).

● n3 Î O(n!).

● log n Î O(log n).

Asymptotic Upper Bound - O
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Suppose timereq(M) = 3n2+23n+100.

timereq(M) Î O(n2):

Proof: Let c = 4 and k = 28:

"n ³ 28 (3n2 + 23n + 100 £ 4n2)
(3(282)+23×28+100 £ 4×282)
(2352 + 644 + 100 £ 3136)
(3096 £ 3136)

Using O
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Suppose timereq(M) = 3n2+23n+100.

timereq(M) Î O(n2):

Easier: notice that for n ≥ 1:

3n2+23n+100   ≤   3n2+23n2+100n2 =   126n2.

So let k =1 and c = 126.

Using O : Choosing c and k
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Suppose timereq(M) = 3n2+23n+100.

timereq(M) Î O(n3):

Let c = 4 and k = 28 again.

Or let c = 3 and k = 5.

Using O
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Let f, f1, f2, g, g1, and g2 be functions from the natural
numbers to the positive reals.

Let a and b be arbitrary real constants.

Let c, c0, c1, …, ck, s, t be any positive real constants.

Then the next slides give some facts about O.

All these facts are proven in Appendix F.1 of the book.

Facts about O
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1. f(n) Î O(f(n)).

2. Addition:
2.1. O(f(n)) = O(f(n) + c0) (if 1 Î O(f(n))).
2.2. If f1(n) Î O(g1(n)) and f2(n) Î O(g2(n)),

then f1(n) + f2(n) Î O(g1(n) + g2(n)).
2.3. O(f1(n) + f2(n)) = O(max(f1(n), f2(n))).

3. Multiplication:
3.1. O(f(n)) = O(c0 f(n)).
3.2. If f1(n) Î O(g1(n)) and f2(n) Î O(g2(n)),

then f1(n) f2(n) Î O(g1(n) g2(n)).

Facts about O
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4. Polynomials:
4.1. If a ≤ b then O(na) Í O(nb).
4.2. If f(n) = cjnj + cj-1nj-1 + … c1n + c0,

then f(n) Î O(nj).

5. Logarithms:
5.1. For a and b > 1, O(loga n) = O(logb n).
5.2. If 0 < a < b and c > 1, then

then O(na) Í O(na logc n) Í O(nb).

Facts about O
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6. Exponentials (including domination of polynomials):
6.1. If 1 < a ≤ b then O(an) Í O(bn).
6.2. If a > 0 and b > 1 then O(na) Í O(bn).
6.3. If f(n) = cj+12n + cjnj + cj-1nj-1 + … c1n + c0,

then f(n) Î O(2n).
6.4. O(nt 2n) Í O(2(ns)), for s > 1.

7. Factorial dominates exponentials:
7.1 If a ≥ 1 then O(an) Í O(n!).

8. Transitivity:
8.1 If f(n) Î O(f1(n)) and f1(n) Î O(f2(n)),

then f(n) Î O(f2(n)).

Facts about O
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Summarizing O

O(c) Í O(loga n) Í O(nb) Í O(dn) Í O(n!)
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Asymptotic strong upper bound: f(n) Î o(g(n)) iff, for
every positive c, there exists a positive integer k such that:

"n ³ k (f(n) < c g(n)).

Alternatively, if the limit exists, then:

In this case, we’ll say that “f is little-oh of g” or that g grows
strictly faster than f does.

Asymptotic Strong Upper Bound - o
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● Asymptotic lower bound: f(n) Î W(g(n)) iff there exists
a positive integer k and a positive constant c such that:
"n ³ k (f(n) ³ c g(n)).

In other words, ignoring some number of small cases
(all those of size less than k), and ignoring some
constant factor c, f(n) is bounded from below by g(n).
Alternatively, if the  limit exists, then:

In this case, we’ll say that “f is big-Omega of g” or that g
grows no faster than f.

Asymptotic Lower Bound - W
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● Asymptotic strong lower bound: f(n) Î w(g(n))
iff, for every positive c, there exists a positive integer
k such that:

"n ³ k (f(n) > c g(n)).

Alternatively, if the required limit exists, then:

In this case, we’ll say that “f is “little-omega of g” or that
g grows strictly slower than f does.

Asymptotic Strong Lower Bound - w
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f(n) Î Q(g(n)) iff there exists a positive integer k and
positive constants c1, and c2 such that:

"n ³ k (c1 g(n) £ f(n) £ c2 g(n))

Or: Or:

f(n) Î Q(g(n)) iff: f(n) Î Q(g(n)) iff:
f(n) Î O(g(n)), and f(n) Î O(g(n)), and
g(n) Î O(f(n)). f(n) Î W(g(n)).

Alternatively, if the required limit exists, then:

Asymptotic Tight Bound - Q
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Algorithmic Gaps
We’d like to show:

1. Upper bound: There exists an algorithm that decides L
and that has complexity C1.

2. Lower bound: Any algorithm that decides L must have
complexity at least C2.

3. C1 = C2.

If C1 = C2, we are done.   Often, we’re not done.
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Algorithmic Gaps
Example: TSP

● Upper bound: timereq Î O(        ).
● Lower bound: just polynomial. But we don’t have a better

lower bound that says polynomial isn’t possible.

Often we have very weak lower bounds, and there is a
considerable gap between upper and lower bounds: the
algorithmic gap.
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