
DKE Numerical Mathematics
Exam Wednesday 1 June 2016

Part I

During this part of the exam, you may only use the formula sheet provided, and an electronic
calculator. You may not use a textbook or your own notes.

1. [10 points] Use the secant method to estimate the root of ex − 5x = 0 lying in [2, 3] to
within an accuracy of 0.1, starting with p0 = 2 and p1 = 3.

2. [14 points] Compute the coefficients c0, c1 of the cubic spline s interpolating the data

i 0 1 2

xi 0.5 1.0 1.5

yi 0.7 2.3 3.1

using boundary conditions b0 = s′(0.5) = 2.0 and c2 = 1
2s
′(1.5) = 2.2. Write down the

polynomial s1 valid for x ∈ [1.0, 1.5]. Use your result to approximate y when x = 1.2.

3. [8 points] Estimate
∫ 4
1 f(x)dx by applying Simpson’s rule to the following data:

x 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

f(x) 0.500 0.471 0.333 0.186 0.100 0.057 0.034 0.022 0.015
.

4. [8 Points] If you were to compute the solution of the differential equation ẋ = cos(x)− t
starting at t = 1, x = 2 using the adaptive Bogavine-Shampine method with an error of
tolernce of 10−4 per unit time, would a step size of 0.1 be adequate?

5. [10 points] Compute the trigonometric polynomial best approximating the data (xj , yj)
below in the least-squares sense, computing terms up to cos(2x), sin(x).

j −3 −2 −1 0 1 2

xj −π −2
3π −1

3π 0 1
3π

2
3π

yj −0.50 0.76 0.98 0.88 0.86 0.18

.

Use your result to approximate y when x = π/4.

Note: cos(π/3) = 1/2, sin(π/3) =
√

3/2 ≈ 0.8660, cos(π/4) = sin(π/4) = 1/
√

2 ≈ 0.7071.



Part II

During this part of the exam, you may only use the formula sheet provided, and the version
of Matlab installed on the Department’s computers. You may not use the internet, any other
software, or your own laptop.

6. [10 Points] Compute the divided differences f [xi, . . . , xj ], i < j for the data:

x 1.0 0.5 1.5 0.0 2.0

y 0.688 0.730 0.570 0.499 0.414
.

Write down the nested form of the interpolating quartic polynomial. Estimate the value
of y when x = 0.8.

7. [10 Points] Compute the Romburg estimate R4,4 to the definite integral∫ 3

0
sin(x2) dx.

Write out the computed values of Ri,j to 6 decimal places.

Note: Use Rk,1 to denote the estimates obtained by the trapezoidal rule with 2k−1 sub-
divisions.

8. [12 points] When using the two-stage Adams-Moulton method to solve an initial-value
problem, which method would you prefer to use for the bootstrapping step, Euler’s method
or Heun’s third-order method? Give a reason for your answer.

Use the two-stage Adams-Bashforth method as a predictor, and the two-stage Adams-
Moulton method as a corrector with step size h = 0.5 to estimate the solution up to
t = 10.0 of the differential equation

ẏ = cos(y)− 1/(t+ y); y(0.0) = 1.000000

What would happen to the error if you were to use a step-size of h = 0.25?

You may assume an approximation y(0.5) ≈ 0.770151 is obtained using a single step of Eu-
ler’s method, and y(0.5) ≈ 0.871805 is obtained using a single step of Heun’s method. You
should write out the first two steps in full, and give the values of y when t = 2.0, 5.0, 10.0.

9. [10 Points] The coefficients ck of the Legendre polynomials Pk up to degree 6 in the
least-squares approximation of a function f over the interval [−1,+1] are

k 0 1 2 3 4 5 6

cj −0.13 0.69 −0.02 −0.22 0.24 −0.01 −0.10
.

Using the recurrence relation for evaluating the Legendre polynomials Pk, compute the
value of the approximation g6(x) =

∑6
k=0 ckPk(x) at x = 0.4.

Using the formula for
∫ +1
−1 Pk(x)2 dx, estimate the value of

∫ +1
−1 f(x)2 dx.

10. [8 Points] Consider the second-order ordinary differential equations

ẍ− (1− x2)ẋ+ x = cos(2πt); x(0) = 2.0, ẋ(0) = 1.0.

Show how to express this equation as a system of first-order equations, and write down a
Matlab function f(t,y) expressing the right-hand side of this system.

Compute the values of x and ẋ when t = 30 using the builtin Matlab function ode45.
Sketch the solution over the time interval [0, 30] and describe briefly its qualitative prop-
erties.


