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Exam Notes:
1. The exam is a closed-book exam.
2. The exam consists of 5 pages (including this page).
3. The exam time is 3 hours (180 minutes).
4. Solve two problems out of A1, A2, A3, and two problems out of B1, B2, B3. Each 

problem is worth 20 points.
5. If you do not follow the directions and solve all the three problems A1, A2, and 

A3, you will get credit only for A1 and A2. Similarly, if you solve all the three 
problems B1, B2, and B3, you will get credit only for B1 and B2.

6. Justify your answers.
7. Before answering the questions, please first read all the exam questions, and then 

make a plan to spend the three hours.
8. When answering the questions please do not forget:

• to write your name and student number on each answer page; and
• to number the answers; and
• to number the answer pages; and
• to indicate on the first answer page the language you use for answering 

Dutch or English.



Problem A1

a) The following statements are false. Give a counterexample why each statement is not 
true.

1. A preorder traversal of a heap yields the keys in non-decreasing order.
2. The worst-case running time of quick-sort on an n-element sequence is O(n log n).
3. In an AVL tree, the depths of any two external nodes differ by at most two.
4. The worst-case height of a binary search tree is O(log n).

b)  Consider the following algorithm described in pseudo-code, which takes a sequence S 
as

�
Characterize using the big-Oh notation the running time of the above method in terms
of n, the number of elements in S. Justify your answer!

c) Assume you are implementing the sequence with a doubly-linked list with header and 
trailer nodes. Fill in the missing line in the following simple Java implementation of the 
remove method (which doesn’t perform any error checking). Assume that doubly-linked 
nodes  themselves  are  implementing  the  Position  interface;  hence,  they  contain  an 
instance variable element and implement the method with this same name.

�



Problem A2

a) Execute the topological sorting algorithm on the following graph. List the vertices in a 
queue just before removing a vertex in each step, and give the final numbering of each 
vertex in its topologically-sorted order.

�

b) Draw a figure illustrating the comparisons done by the BM pattern matching algorithm 
for the case when the text is “aaabaadaabaaa” and the pattern is “aabaaa”, not counting 
the comparisons made to compute the last function. 

Problem A3

a) In the search for an element x in a binary search tree, the list of nodes x is compared to 
its so-called key sequence for the search. For example, the key sequence for the search for 
18 in the following tree is 20, 10, 15, 18.

�



Suppose that we have the numbers 1 to 1000 in a binary search tree and we want to 
search for the number 363. Explain why the following could not be the key sequence for 
the search: 925, 202, 911, 240, 912, 245, 363.

b)  Let T be the AVL tree shown below, which stores items with integer keys.

�
Draw the AVL trees obtained by performing the following operations on T:

1. Insert an item with key 6 into T.
2. Remove the item with key 1 from T.

Note that the above operations should be performed independently, that is, on separate 
copies of T. No credit will be given for part 2 if you perform the removal on the tree 
resulting from the insertion of part 1.



Problem B1

Two binary  search  trees  T’ and T’’ are  said  to  be  isomorphic  if  they  have  the  same 
structure and store the same keys, that is:

• both T’ and T’’ consist of a single (external) node; or
• the roots of T’ and T’’ are internal nodes storing items with equal keys, the left 

subtree of T’ is isomorphic to the left subtree of T’’, and the right subtree of T’ is 
isomorphic to the right subtree of T’’.

Give an O(n)-time algorithm that determines whether two given binary search trees, each 
storing n items, are isomorphic. Your algorithm should return a boolean value. Recall that 
a binary search tree stores items only at its internal nodes. Describe your algorithm in 
Dutch/English  and  in  pseudo-code.  Mention  any  additional  data  structures  used,  and 
explain why the worst-case time complexity is O(n).

Problem B2

Given an unsorted sequence S storing n integers, implemented as a doubly linked list, and 
another integer z, design an O(n log n)-time algorithm that determines whether there exist 
two elements, x and y, in S such that x + y = z. Your algorithm should return a Boolean 
value.  Describe  your  algorithm  in  Dutch/English  and  in  pseudo-code.  Mention  any 
additional data structures used, and explain why the worst-case time complexity is O(n 
log n).

Problem B3

Let S be a sequence of n elements on which a total order relation is defined. An inversion 
in S is a pair of elements x and y such that the rank of x is less then the rank of y in S but x 
> y.

1. Describe (in pseudo-code) an algorithm running in O(n log n) time for determining the 
number of inversions in S.
2. Analyze the running time of your algorithm. (Why is it O(n log n)?)


